Abstract. We prove that if G is an abelian group of odd order then there is an isomorphism from the second quandle homology H Q 2 (T (G)) to G ∧ G, where ∧ is the exterior product. In particular, for
Introduction

Mituhisa Takasaki introduced the notion of kei (involutive quandle in
Joyce's terminology [Joy] ) in 1942 [Tak] . His main example was the quandle of an abelian group, T (G), with a * b = 2b−a, which we call Takasaki quandle. Quandle homology was first introduced in [CJKLS] as a modification of rack homology invented by Fenn, Rourke, and Sanderson in 1995 [FRS] . We prove that if G is an abelian group of odd order, then there is an isomorphism from the second quandle homology H Q 2 (T (G)) to G ∧ G, where ∧ is the exterior product. That is, we prove:
where G is an abelian group of odd order. In particular, for G = Z n k , k odd, we have:
This partially solves Problem 5.4 from the Ohtsuki's problem list [Oht] , and is a part of our program to effectively compute homology of quandles [N-P-2, N-P-3]. For other results concerning second homology of quandles see [Gr, E-G, Eis] .
For a quandle (Q, * ), we write c * b = a if a * b = c. We also write a • c = {b | a * b = c}. If a • c has always one element, we say that Q is a quandle quasigroup. Takasaki quandle T (G) is a quasigroup iff G is a group of odd order. Then, a • c = , a) ) is an isomorphism when restricted to ker∂ 2 . Here, ((b 0 , a)) is the subgroup of C Q 2 generated by elements of the form (b 0 , a) for any a ∈ Q.
2 is a subgroup of C Q 2 generated by elements (a 0 , b), and C na 0 2 is the subgroup of C Q 2 generated by all other elements of Q 2 . Because Q is a quandle quasigroup,
2 ) (which has basis elements of the form (a 0 − c), where c = a 0 ). Namely, ∂ 2 (a 0 , b) = a 0 − a 0 * b, and the inverse map is given by ∂ −1 2 (a 0 − c) = (a 0 , a 0 • c). The conclusion of Lemma 2.1 follows.
Corollary 2.2. For a quasigroup quandle Q, we have:
Once again we use properties of a quandle quasigroup, to change the notation for elements of Q 2 ; namely, we write [a, a * b] for (a, b). Because Q is a quandle quasigroup, [a, c] is the unique element (a, a • c). In this notation, the boundary map has the form:
After substituting x = a, y = (a * b) * c, z = a * c, and
In the case of Q = T (G), for an odd order abelian group G, we have z ′ = y * (x • z) = z + x − y, and consequently: 
and for a Takasaki quandle of an odd order abelian group G, we have:
We show in Main Lemma that this group is in fact G ∧ G.
Main Lemma
Lemma 3.1. Let G be an abelian group of odd order. Then:
Proof 
Step 3. We are now ready for the last calculation showing the relation
Step 2, we substitute v = y − z (so y = z + v) to get:
and by already proven identities:
Then, by exchanging the roles of x and z:
Taking the difference gives:
Let w = x + z (i.e., x = w − z). Then:
Exchanging the roles of v and z gives:
and by adding the last two equalities sidewise, we obtain:
Because G has an odd order, 2 is not a zero divisor, and we get:
as needed. Finally, we use the fact (constructive definition) that for G of odd order:
Figure 1. 2-cycle realized by a virtual link diagram
We challenge the reader to use quandle homology to distinguish the quandle T (G 2 ) from core(G 4 ), and T (G 3 ) from core(G 5 ).
2-cycles in quandle homology correspond to colored virtual knot diagrams. Each positive crossing represents a pair (x, y) ∈ C Q 2 (X), where x ∈ X is the color of an under-arc away from which points the normal of the over-arc labeled by y ∈ X. In the case of negative crossing, we write −(x, y). The sum of such 2-chains taken over all crossings of the diagram forms a 2-cycle (see [Gr, CKS] for more details). An example of a virtual link diagram realizing our generator e 1 ∧ e 2 ∈ H Q 2 (T (Z 2 p )) is shown in the Figure 1 . It follows that this virtual link is nontrivial.
In the sequel paper we extend our results to all finitely generated Takasaki quandles and some other Alexander quandles. In particular, we complete Greene's calculations [Gr] by showing that torH Q 2 (T (Z 4k )) = Z 2 2 .
